Abstract -Estimates of stability in the sense perturbation of the operator for solving first-and second-order differential-operator equations have been obtained. For two-and three-level operator-difference schemes with weights similar estimates hold. Using the results obtained, we construct estimates of the coefficient stability for onedimensional parabolic and hyperbolic equations as well as for the difference schemes approximating the corresponding differential problems.
Introduction
The abstract problem Au = f is called stable if its solution u continuously depends on the input data f , i.e., there exists such a value of > 0 independent of the solution and input data such that for all f andf from some admissible set the following inequality holds: ũ − u (0) f − f (1) , whereũ is the solution of a similar problem with perturbed input data Aũ =f ; · 0 and · 1 are some norms.
In formulating the problem, we give not only the right-hand side, but the operator A as well. If, e.g., A is a differential or a difference operator, then the coefficients of the corresponding equation should be given. Naturally, the solution of an abstract problem should be continuously dependent on perturbations of both the right-hand side and the operator A
Stability of solutions of the first-order differential-operator equations in the sense of the operator perturbation
This section is devoted to the analysis of the stability of the solution of the first-order differential-operator equation in the sense of the operator perturbation. The estimates of the solution perturbation have been obtained in energy Hilbert spaces as well as in the integral with respect to time norms.
Problem formulation.
Consider the Cauchy problem for the first-order differential-operator equation du dt
where A is a linear operator (generally it is unbounded) taking into account the normalized space H to the normalized space G , u(t) is the unknown function reflecting the interval (0, ∞) (or (0, T )) in H , f (t) is the given function reflecting the interval (0, ∞) (or (0, T )) in G , u 0 is the given element of the space H . Along with (1.1), we consider the problem with the perturbed operator dũ dt +Ãũ = f (t), t > 0,ũ(0) = u 0 , (1.2) whereÃ : H → G is a linear operator. We say that the solution of the Cauchy problem (1.1) is stable in the sense of the operator perturbation if the following estimate holds: (1.4)
In the standard way we introduce the inner product (u, v) A = (Au, v) and the corresponding energy space H A ⊂ H . At the same time H A −1 = H * A is a space adjoint to H A . The inner product (u, v) can be continuously extended onto H A −1 × H A and the operator A can be extended to the map A : H A → H A −1 [22] . Naturally, the operators A : H A → H A −1 , A : H A 2 → H or A : H → H A −2 are bounded. Actually, for k = 0, 1, 2 we have
Let us introduce the Lebesgue space L 2 ((a, b); H ) (see [10] ) of functions u = u(t) mapping the interval (a, b) ⊂ R into H with the following inner product and norm:
Also, we shall use the spaces L 2 ((a, b); µ; H ) and L p ((a, b); H ) with the corresponding norms and semi-norms [10, 21] . Taking the inner product of (1.1) with 2u, we get
Stability in the case
Taking into account (1.4) and the trivial relation 2(f (t), u(t)) f (t)
A , from (1.5), we get the following inequality:
From here and the Gronwall inequality for the solution of problem (1.1) we obtain the estimate
A similar estimate also takes place for the solutionũ of problem (1.2) with a perturbed operator. Acting on problem (1.2) by the operatorÃ 1/2 and using inequality (1.6), we get
We also obtain the estimate of the solution of problem (1.1) in the norm of the space L 2 ((0, t); e ms ; H A ). To this end, we take the inner product of (1.1) with 2e mt u. Taking into account the relation
we arrive at the following energy identity:
Hence, using the Cauchy -Schwartz inequality, the ε-inequality and (1.4), we get
Setting ε = 2 and integrating the last inequality with respect to t, we obtain the estimate We shall use these estimates to prove the following theorem. From the last inequality, using (1.8), we get the desired estimate (1.11).
Let us now obtain the estimates of the stability of the solution of equation (1.1) in the sense of the operator perturbation in the time-integral norms. To this end, we need the corresponding estimates of the stability in the sense of the initial data and the right-hand side. Taking into account the equation f = du/dt + Au, for the right-hand side of identity (1.5) we have
Substituting this into (1.5) and integrating the result with respect to t, we obtain the following energy identity:
From this identity follows, in particular, the known Hadamard inequality [22, p. 403 
Acting on problem (1.1) by the operators A 1/2 , A −1/2 and using inequality (1.13), we get the a prori estimates
These estimates are also well known. Following [5] , let us construct the estimate of integral semi-norm of the fraction order with respect to time variable t. To do this, let us make use of the Fourier expansion in cosines and sines of the function u(t) :
u(s) sin(jπs/T )ds, and integrals are Bokhner integrals [22, p. 384] . It easily can be checked that 
Taking the inner product of the last equality with a k [u] and summing the result with respect to k, we have
Using (1.16), we obtain the inequality
Consider the expression
Using the periodicity of u(t) and the cosine expansion, we obtain
Taking into account the chain of relations
we finally get
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Using (1.17), (1.18) and the trivial inequality
we arrive at the estimate
Hence, taking into account (1.13), we get 
From (1.15) we obviously have
We will need the estimates obtained to prove the following theorem concerning the stability of the solution of the differential-operator equation ( 
. Then the solution of problem (1.1) is stable in the sense of the operator perturbation and the following estimate holds:
. Then the solution of problem (1.1) is stable in the sense of the operator perturbation and the following estimate holds: 
, then the following inequalities hold:
The same inequalities also hold when the condition Ã − A H →H A −2 δ < 1 is fulfilled. Suppose A 0 andÃ 0 are positive definite operators, i.e., they satisfy condition (1.4). Taking the inner product of (1.1) with 2u and taking into account that (Au, u) = (A 0 u, u), we obtain the following energy identity:
Hence, using (1.4) and the Gronwall inequality, for the solution of problem (1.1) we obtain
Similarly to the derivation of (1.8) we can also obtain the estimate of the solution of problem (1.1) in the norm of the space L 2 ((0, t); e ms ;
The following theorem on stability in the sense of the operator perturbation holds. 
Proof. For the solution of problem (1.12) with a nonself-adjoint positive definite operator A estimate (1.26) holds, from which
follows. Combining this with inequality (1.27), we get the desired estimate (1.28).
Similarly to estimate (1.13), taking into account (1.25), we obtain the following energy inequality:
Also, as in the derivation of (1.20), we obtain the estimate of the integral fraction-order semi-norm with respect to the time variable t for the nonself-adjoint operator
Using estimates (1.29) and (1.30) for the solution of the problem for perturbation (1.12), we arrive at the the following statement. 
ds).
Example.
Consider the initial-boundary value problem for the one-dimensional heat conduction equation
(1.34) Problem (1.32) -(1.34) can be reduced to the form of (1.1) by assuming that H = L 2 (0, 1) and
. It can easily be checked that the inverse operator A −1 is defined by the formula
The following inequalities take place (see [8] Thus 
(1.39)
Suppose that the coefficients of the perturbed problem satisfy the following conditions:
Similarly to the non-perturbed problem we assumeÃũ
The following inequalities hold:
where M is a certain constant. Indeed, inequality (1.40) follows from the chain of relations
and the properties of coefficients k(x),k(x).
Inequality (1.41) follows from (1.36) and the equalities
Inequality (1.42) follows from the definition of the operator norm
and the properties of coefficients k(x),k(x) and their derivatives. Thus, for the perturbation of the solution of problem (1.32) -(1.34), using Theorems 1.1 and 1.2, we obtain the following estimates of the coefficient stability:
where 
ds .
Stability of the solutions of two-level operator-difference schemes in the sense of the operator perturbation
Results analogous to these obtained in Section 1 also take place for two-level operatordifference schemes.
Problem formulation.
Let H be a finite-dimensional Hilbert space with inner product (·, ·) and norm · and A be a linear operator in H. Define the time-uniform grid
Consider the following two-level operator-difference scheme with weight
where σ is the weight parameter, y 0 is the given element of space H, ϕ n = ϕ(t n ) is the given function, and y n = y(t n ) is the unknown function on time-level t = t n with values in H. Along with (2.1) we consider the following difference Cauchy problem with a perturbed operator:
As in the case of the differential-operator equation, we aim at estimating the perturbation value of the solution δy n =ỹ n − y n via the perturbation of the operator δA =Ã − A.
Stability in the case of a self-adjoint operator. Let in problem (2.1)
A be a self-adjoint positive-definite operator. Let the perturbed operator satisfy the same assumption. By H A we denote the space with the inner product (u, v) A = (Au, v) and the norm u A = (Au, u).
In [14, 15] the following estimate of the asymptotic stability has been proved:
where B = E + στ A,m =m(τ, A ). To prove the difference analogue of inequality (1.8), we take the inner product of equation (2.1) with 2τem t n+1 y n . Taking into account the identities
we obtain the following energy identity:
Hence, using the Cauchy -Schwartz inequality, the ε-inequality, the relation 1−e −mτ mτ , and the positive definiteness of the operator A, we get the inequality
Under the conditions σ 1 + (1 + ε)/(ετ ), summing the last inequality in k = 0, 1, . . . , n, we obtain
where the positive constant M depends on ε only. A similar estimate is also obtained for the solutionỹ of the perturbed problem (2.2). Acting on equation (2.2) by the operatorÃ
and using inequality (2.4), we get the following estimate:
We shall use these estimates to prove the following statement. Theorem 2.1.
Then the solution of the two-level operator-difference scheme (2.1) is stable in the sense of the operator perturbation and the following estimate holds:
where
Proof. Consider the problem for perturbation of solutionδy
For the solution of problem (2.8) estimate (2.3) is fulfilled, whence it follows that 4 δy
Hence in view of inequality (2.4) we obtain the desired estimate (2.6). Moreover, acting on equation (2.8) by the operator A 1/2 , using estimate (2.3) and 1 − (1 − ε)/(τ A ) σ 1 + (1 + ε)/(ετ ), we get the inequality
Hence using (2.5) and the upper bound of weight σ, we obtain the desired estimate (2.7). Using the energy inequality method for σ 0.5(1 + ε) − (τ A ) −1 , it is easy to construct grid analogues of the a priori estimates (1.13), (1.14) and (1.15) (see [4] )
14)
Proof. Estimates (2.12)-(2.14) follow directly from estimates (2.9)-(2.11) that are is applied to the solution of problem (2.8).
Examples.
Consider the difference approximation of the initial-boundary value problem (1.32) -(1.34). On interval [0, 1] we introduce the uniform grid
By y n i denote the value of the grid function y at the node (x i , t n ) of the gridω hτ =ω h ×ω τ . For the difference derivatives we use the following notation:
On the gridω hτ we approximate problem (1.32) -(1.34) by the following difference scheme with weight
16)
where a i and ϕ n i are some stencil functionals approximating the coefficient k(x) and the right-hand side f (x, t) of equation (1.32), respectively. For example,
Problem (2.15) -(2.17) can be reduced to the form of (2.1), where H is the space of the grid functions given onω h that vanish at x = 0 and x = 1; (y, v) =
The following inequalities hold (see [3] ):
where the discrete Sobolev norms are defined as follows:
Along with (2.15) -(2.17) we consider the perturbed difference schemẽ
which can be written in the form of (2.2) with the operator (Ãỹ
In fact, inequality (2.23) follows from the relation
and the properties of the coefficientsã and a. Inequality (2.24) follows form (2.19) and the equality
Inequality (2.25) follows from the definition of the norm of the operator
and the properties of the coefficientsã i , a i and their difference derivatives. Thus for the perturbation of the solution of problem (2.15) -(2.17) on the basis of Theorems 2.1 and 2.2 under corresponding restrictions on the weight parameter σ we obtain the following estimates of the coefficient stability:
with corresponding constants M
1 , M
2 , M
6 and M
7 , depending on the initial data u 0 and the right-hand side ϕ.
Stability of the solution of the second-order differential-operator equations in the sense of the operator perturbation
In this section we investigate the stability of the solution of the second-order differentialoperator equations in the sense of the operator perturbation.
Problem formulation.
Consider the Cauchy problem for the second-order differential-operator equation
where A is the unbounded self-adjoint positive-definite operator mapping the Hilbert space H into the Hilbert space G , u(t) is the unknown function mapping the interval (0, ∞) (or (0, T )) into H , f (t) is the given function mapping the interval (0, ∞) (or (0, T )) into G , u 0 , u 1 are the given elements of the space H . Along with (3.1) we consider the problem with the perturbed operator A
whereÃ : H → G is an unbounded self-adjoint positive-definite linear operator. Taking the inner product of (3.1) with 2 du dt , we get the energy identity
Stability estimates under perturbation of the operator
whence it follows that
Integrating the last inequality with respect to t, we obtain the estimate
Moreover, from (3.3) we have
whence we obtain
Integrating the last relation with respect to t, we get
(3.5) Similar estimates also hold for the solutionũ of the problem with the perturbed operator (3.2).
Theorem 3.1. 
Proof. For the perturbation of the solution δu =ũ − u we have the Cauchy problem
For the solution of problem (3.7) estimate (3.5) holds, from which we get
In view of (3.4) from the last inequality we obtain the desired estimate (3.6).
Examples.
Consider the initial-boundary value problem for the second-order hyperbolic equation
Along with (4.1) we consider a similar Cauchy problem with the perturbed operator
Stability estimates under operator perturbations.
Let in problem (4.1) A be a self-adjoint positive-definite operator. Let the perturbed operator satisfy the same assumptions. By H A denote the space with the inner product (u, v) A = (Au, v) and the norm u A = (Au, u) .
Taking the inner product of (4.1) with (y n+1 − y n−1 ), we obtain the energy identity
Hence, estimating the right-hand side as in [7] , under the conditions σ 1 Using (4.3), from the last inequality we obtain the desired estimate (4.5). 
Examples. On the gridω

